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Summary 

0 Many models are based on some mathematical formalism.  
0 In some cases it may be quite elaborate and complex; in many others it is 

straightforward enough.  
0 In all cases it can help a lot if you know what the mathematics are that 

stand behind the model that you build or use.  

0 Many of the systems dynamics models are based on ordinary 
differential of difference equations.  

0 Models can tend to equilibrium conditions, and these equilibria can 
be tested for stability.  

0 If the spatial dimension is added, we may end up with equations in 
partial derivatives.  

0 In the structural domain, models can be structurally robust and 
stable.  

0 Such models are preferable, especially when there is much 
uncertainty about model parameters and processes. 



0 As we have discussed, a system may be considered in 
three dimensions: temporal, spatial and structural.  

0 In the temporal dimension we decide how the system 
evolves in time; in the spatial dimension we research 
the spatial organization of the system; and in the 
structural dimension we define the complexity of the 
model.  

0 For each of these facets mathematics are used in 
modeling. 



Time 

0 Most computer models operate in discrete time. The time 
is represented as a sequence of snapshots, or states, which 
change momentarily every given time interval. 

0 If we know how the system changes state, then we can 
describe its dynamics once we know the initial state of the 
system.  

0 Suppose we have a population of five cells and each cell 
divides into two over one time-step – say, 1 hour. Then after 1 
hour we will have 10 cells, since each cell is to be replaced by 
two; after 2 hours there will be 20 cells; after 3 hours there 
will be 40 cells, and so on. 



Time 

0 This is a verbal model of a system.  

0 Let us formalize it or describe it in mathematical terms.  

0 Let x(n) be the number of cells at time-step n=1, 2, . . .  

0 Then the doubling process can be described by 

 x(n+1)=2.x(n) 

0 If we provide the initial condition x(0)=a, we can calculate 
the number of cells after any n time-steps: 

 x(n)=a.2n 

0 This is a simple model of exponential growth.  

0 The nice thing about the mathematical formalism is that it 
provides us with a general solution. 



Time 

0 Reformulate: 

 x(t+∆t)=x(t)+x(t).∆t 

0 When we change the time-step ∆t, we get quite different 
results.  

0 The more often we update the population of cells, the 
smaller the time-step in the model, the faster the 
population grows.  

0 Since new growth is based on the existing number of cells, 
the more often we update the population number, the more 
cells we get to contribute to further growth. 



Space 

0 How can we represent space?  

0 This is the next decision to be made when creating a 
model.  

0 Once again, we go back to the goal of the model to 
decide how much detail about the spatial extent and 
spatial resolution of the system is needed.  

0 Both must be taken into account when choosing the 
appropriate mathematical formalism. 



Space 
Box models 
0 In box models, everything is assumed to be spatially 

the same. There is no difference between various 
spatial locations.  
0 This may be because the system is indeed spatially 

homogeneous, or if we want to deal only with variables 
that are averaged across space, or if the only data we have 
about the system are measured at only one point.  

0 In these cases, the system can be represented by just 
one point (box) in space.  

Compartmental models 
0 The system that is not entirely uniform over 

space, but the spatially different components 
are large enough and are homogeneous 
within.  

0 In this case a separate box model represents 
each spatially homogeneous component, also 
called a compartment. 



Space 

Continuous models 
0 If there is much variability in 

space and this variability is an 
important factor for the goals 
of analysis, then the system is 
spatially heterogeneous, and 
need to make the 
compartments as small as 
possible. 

0 When the size of the 
compartments tends to zero, 
we get an equation in partial 
derivatives.  
0 There are two independent 

variables: time t , as before, and 
a spatial coordinate, z . 



Structure 
0 Consider a community of two competing 

species that eliminate one another.  

0 This system can be described by the 
following two ODEs  

0 where a and b are hunting efficiencies of 
species y and x respectively.  

0 This model can be resolved analytically  



Structure 

0 A good way to look at system dynamics, especially in case of two 
variables, is to draw the phase portrait, which presents the change in 
one variable as a function of the other variable. 

0 Rigid model (Arnold, 1997) if the structure is totally defined. In 
contrast to a rigid model, a soft model would be formulated as: 
 
 
 
 
 
 
 

0 Structural analysis of models requires quite sophisticated 
mathematics. 



Structure 
Mathematical models that can be analyzed by analytical 
methods 



Building Blocks 
Let us consider some of the main types of equations and formulas that can be 
encountered in dynamic models 



Building Blocks 



Building Blocks 



Any questions? 
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